STABILITY OF THE SELFSIMILAR DYNAMICS 
OF A VORTEX FILAMENT 



VALERIA BANICA AND LUIS VEGA 



Abstract. In this paper we continue our investigation about selfsimilar solutions of 
the vortex filament equation, also known as the binormal flow (BP) or the localized 
induction equation (LIE). Our main result is the stability of the selfsimilar dynamics 
of small pertubations of a given selfsimilar solution. The proof relies on finding precise 
asymptotics in space and time for the tangent and the normal vectors of the perturbations. 
A main ingredient in the proof is the control of the evolution of weighted norms for a 
cubic 1-D Schrodinger equation, connected to the binormal flow by Hasimoto's transform. 
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1. Introduction 

We consider the geometric PDE 

(1) Xt = Xx/\ Xxx 
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that is usually known as the binormal flow (BF) or the localized induction equation (LIE). 
Above X = x{tix) G K^, X denotes the arclength parameter and t the time variable. Using 
the Frenet frame, the above equation can be written as 

Xt = cb, 

where c is the curvature of the curve and r its torsion. This geometric flow was proposed 
by DaRios in 1906 |9j as an approximation of the evolution of a vortex filament in a 3-D 
incompressible inviscid fluid (see also [2]). We refer the reader to [I], [B], [29] and [23] for an 
analysis and discussion about the limitations of this model and to [28] for a survey about 
Da Rios' work. Local well-posedness results for the binormal flow were obtained when 
curvature and torsion are in high order Sobolev spaces, see \19 \ 123 1 [TS]. A recent result of 
local well-posedness for the binormal flow, for less regular closed curves, was obtained by 
Jerrard and Smets |2H [22] by considering a weak version of the binormal flow. 

The selfsimilar solutions with respect to scaling of ([1]) are easily found by first fixing the 
ansatz 



(2) 



Plugging this ansatz in ([!]) and eliminating time one obtains the ODE 
(3) ^G-^G' = G' AG". 

After differentiation in s, calling T{s) = G'{s), and using the system of Frenet equations 
we get 

— - cn = — T' = T A T" = Cs b — CT n, 
2 2 s , 

where n denotes the normal vector. Hence we conclude that the selfsimilar solutions are 
characterized by the geometric conditions 

c{s) = a, t{s) = |, 

for a parameter a S M (see [7]). The case o = gives a straight line so that we can assume 
without loss of generality that a > 0. Given a, the corresponding solutions of ([1]) are 
unique modulo a translation and a rotation. Indeed, assume that the Frenet frame (T, n, b) 
at s = is the identity matrix, so that from ([3]) we obtain G'(O) = 2a 6(0) = (0, 0, 2a). Call 
Ga the corresponding curve and Ta its unit tangent. Hence we conclude that 

Xa{t,x) = VtGa (^-^ ' 

is a solution of ([1]) for t > and that 

Ta{t,x) = Ta 

solves for t > 

Tt = TAT^^, |T| = 1, 
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usually known as the Schrodinger map onto the §^ sphere. We denote by 



■ 4t 



the "parallel" normal vector. The properties of this frame will be described in ^ 

It was proved in [18] that there exist E §^ and G such that for x > (and 
similarly for x < 0), 



(4) 

(5) 
(6) 



Xait,x) 



(x + 2a- ] - 4a 4t na{t, x] 
\ X ) x^ 

|T,(t,x)-A+| <C^, 



X 



Bte' 



< C 



Vt 



Na{t,x) 

Moreover, A^ _L B^ and if we define 9 as the angle between A'^ and —A~ 

ft „2 

(7) 



sm — 
2 



Also the coordinates of A^ and B^ are given explicitly in terms of Gamma functions 
involving the parameter o (see formula (55), (57), (47), (48), and (69) in [18]). In particular 
we can define at time zero for x > 

m2 log ^ 



(8) 



limra(t,x) 



At 



lim NJt, x) e 



and similarly when x < using in that case {A~ , B~ ) . 

The reader can find in [18j some pictures of Ga and Xa for different values of o. Also in 
[llj some numerical simulations are considered. In the figure 1.1 of that paper it is showed 
the remarkable similarity, at least at the qualitative level, of Xa and the vortex filaments 
that appear in the flow of a fluid traversing a delta wind -see [26] . We also encourage the 
reader to look at the selfsimilar shape of the smoke rings in the picture 107 in ^13j. It seems 
from these pictures and from the numerical simulations, that the selfsimilar dynamics of 
these vortex filaments are rather stable. 

In our two previous papers [4J and [5j we obtain some results about the stability and 
the instability of the solutions Xa- Our approach is based on the so-called Hasimoto 
transformation. In [19] the "filament function" 



(9) 



ip{x,t) = c{x,t) / T{s,t)ds, 



is defined and it is proved that if c and r are the curvature and the torsion respectively of 
a solution xi^^t) of ([T|), then ip solves the focusing cubic non-linear Schrodinger equation 
(NLS) 
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for some real function A(t) that depends on c(0, t) and r(0, t). In the particular case of Xa 
we have that for t > 

(10) Va(a;,t) = a- 



and A{t) = ^. 
Notice that 



lap 



/ 



|V'a(a;,i)|^dj; = +00, 



so that L^(]R) is not the right functional setting to study Tpa- It is natural to consider the 
so-called pseudoconformal transformation of ^lJ defining a new unknown v as 



•x2 

t — / -I 



(11) V(i,^) = 'rt;(t,x) - ^^-yt^ t 
Then v solves 

(12) it^t + i^xx + ^ (|f P - a^) 1- = 0, 

and Va = ais the particular solution that corresponds to V'a- A natural quantity associated 
to (fT2|) is the normalized energy (see [3]) 

E{vm = \j \vS)? dx-^J {\v{t)\' - a' f dx. 

An immediate calculation gives that 

dtE{v){t)-^ Ji\v\^-a^fdx = 0, 

and in particular E{va) = 0. 

The binormal flow ([1]) is an equation that it is reversible in time. If we want to study 
perturbations of Xa one possibility is to go forward in time starting at time t = with a 
datum close to 



(13) Xa(0,x) 



A+x X > 
A~x X < 0, 



and to construct a solution up to say time t = 1. Another possibility is to give a datum at 
time t = 1 close to Ga and go backwards in time up to time t = 0. 

In terms of v these two possibilities are rephrased as follows. First we write 

V = a + u, 

so that u has to be a solution of 

(14) iut + u^x + ^^{\a + u\^ - a^) =Q. 
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In particular 

■si— 

u{l,x) = e* 4 — a. 

Then notice that the pseudoconformal transformation sends the interval of time [0, 1] into 
the interval [l,oo). So that the first possibility, that is to say to go forward in time in 
([1]), amounts to give a small asymptotic state at time infinity and construct a solution for 
t > 1 of (I14p that remains close to it in an appropriate sense. The second possibility is to 
solve the initial value problem of (I14p with some small datum at t = 1 and to prove the 
existence of a scattering state at infinity with a size controlled by that one of the initial 
datum. In and [5j we study the two problems. Finally let us notice that long time 
asymptotics were studied for equations with a common point with (12) in terms of the 
nonlinearity, like the linear Schrodinger equation with a time depending potential (see ch.4 
of [12J), the 1-D cubic NLS ( [27] , [8] , [20] ) , the 2-D Gross-Pitaevskii equation ([E]), and the 
2-D quadratic NLS ([25j,[30],[T5]). However the framework, approach and results for (12) 
are quite different. 

More concretely in [5] we consider small initial data at time t = 1, ui(x) = u(l, x) £ Xj, 
< 7 < where 

(15) 11/11x7 = 4||/IIl2 + -^\m'y(.mL-(e<iy 

In the Theorem 1.1 of that paper -see also section 3 below, we prove that there exists 
G for which 

^(t)_e^4i°g*e^(*-i)9^/_ 

for any < 5 < 1/4 — 7. Finally, the asymptotic state /+ satisfies for all < 1 the 
estimate 

|ep(^+')|/;(OI<C(a,5)||uib.. 

The main purpose of this paper is to prove that most of the properties dl])-® that 
describe the dynamics of the selfsimilar solution Xa still hold under some extra conditions 
in 111. As a consequence we prove that there is a natural function space such that the 
selfsimilar dynamics going backwards in time remain stable under small perturbations of 
Ga{x) = Xa{l,x). 

Our main result is the following one. 

Theorem 1.1. Let a > and let ui be a function small with respect to a in ClH^, with 
< 7 < |, such that xui, xdxUi € . Given xi{0) S and dsXi{0) G S^, let xi{x) be the 

■ x'^ ■ rri 

corresponding curve with filament function ae^~ + ui{x)e^~ U- Then the unique Lipschitz 
solution xitjx) of the binormal flow for < t < 1 with x(l,a;) = Xii^) constructed in [5] 
enjoys the following properties. 



C{a,ui) 

< — ; ■ I Ul 



f2 



1 

t4- 



■(7+5) 



^7 



this implies ui (0) £ R. 
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(i) Asymptotics in space for the tangent vector and the normal vectors at fixed 
time: There exist T=^°° G ^±00 ^ ^^^f^ ^/^^^ aUO<t<l, and 2; / (3, 



|T(t,x) 



< Ciui) 



A^(t,x) - N 



±00 ia'^ log ^ 



< C(ni) 



1 



^/i t 



(^iij Further informations on the tangent vector: For all x ^ and all t > small 
enough with respect to ui and \x\, 

\T{t,x)-T^'^\<C{ui), 

and 

sin^ L = e-'2{l + C{ui)). 



(Hi) Formation of a corner at time 0: For all x ^ Q 

|x(0,x)-x(0,0)-r±-x| <C7(ni)|x|. 

(iv) Existence of a limit for the tangent at time 0: For all x ^ there is a limit for 
T{t, x) as t goes to zero and 

\T{t, x) - T{0, x)\ < C{ui) (^ + -L + ti 

\\x\ 

Moreover 

(v) The exact value of the angle of the corner: The angle of the self-similar solutions 
is recovered at time 0, 

(r(o,o+),-r(o,o-)) _ 4 

More precisely, modulo a rotation, we recover at the singularity point the self-similar struc- 
ture 



± 



lim limr(t,x) = ^^ 

x-s>0± t^O 



lim lim N(t, x) e 



-ia^ loK ^ _ -g± 



Remark 1.2. The above theorem gives a precise result about the dynamics of the perturbed 
filament in the self similar region |x| > y/i for 1 > t > 0. In particular it proves the existence 
of a natural binormal frame associated to the curve x(0, x) even though it has a corner at 
X = 0. For doing this it is crucial to be able to use that u{t) belongs to weighted spaces. 
All the analysis follows from the property that the tangent vectors of the perturbed filament 
are fixed for x = ±00 and 1 > f > 0. Once this is proved we integrate the Frenet frame, in 
fact we use the so-called parallel frame that turns out to be much more convenient, from 
±00 to \x\ > \/t. This is enough for our purposes. 

^In the following the relations for a; > will involve r^°° and N^°° and the ones for a; < will involve 

T~°° and N-°°. 
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Remark 1.3. We do not obtain anything new in the interior region \x\ < \/t. At this 
respect we recall Theorem I.4 0/ [4J. In that theorem it is proved that if the zero Fourier 
mode of the asymptotic state that determines u{t, x) vanishes in an appropriate sense, then 
xit,x) remains close to Xa{x,t) together with their respective Frenet frames also in the 
region \x\ < \/t. In particular the trayectory x(^)O) o-'f^d the one of the frame (T, n,6)(t,0) 
remain close to Xait,0) and to the identity matrix. As a consequence, a very natural 
question is to characterize the asymptotic states of solutions u{t) that belong to weighted 
spaces. It turns out that the answer is more delicate than what one could expect so that 
we will study it in a forthcoming paper. Finally, recall that in the appendix B2 of [5] it is 
proved that the zero Fourier modes of solutions u{t) that are in weighted L"^ spaces typically 
grow logarithmically in time. 

The paper is organized as follows. In section 2 we introduce the parallel frame and its 
connection with the Frenet frame. The proof of our theorem is given in sections 3-5. In the 
appendix we show some estimates about the evolution in time of the norms of weighted 
spaces for the solutions u{t) of ^T^ . 

Acknowledgements: First author was partially supported by the French ANR project 
R.A.S. ANR-08-JCJC-0124-01. The second author was partially supported by the grants 
UFI 11/52, MTM 2007-62186 of MFC (Spain) and FFDER. 



In the original work of Hasimoto |19] . for performing the transformation ([9]) a non- 
vanishing condition on the curvature was imposed. This condition has been removed by 
Koiso [23J who worked with another frame than the Frenet one. Although in our case the 
curvature does not vanish for small perturbations of the selfsimilar solutions, we shall take 
advantage of this Hasimoto-type link built between the cubic 1-D NLS and the binormal 
flow ([1]). We shall detail it below. The use of this frame makes the calculations of the next 
sections much shorter. 

Given a > we start with a solution of 



2. The parallel frame 



(16) 




As explained in the Introduction we shall consider 



.2 




We define 



a{t, x) = ^ip{t, x) , f3{t,x) = 
and then an orthonormal frame (T, ei, 62) by imposing 



Qi>{t,x), 
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and 



62 

with 7 to be specified later. For all {t, x) we denote by (a, b, c){t, x) the functions such that 



t 






-Px 


ax \ 











leA (t,0) 


-ax 


-7 











6^^ 














)i 













(•; 


X ^ 















)l 




hi 






^ 6 y 







We first notice that (a,6, c)(t,0) = (— /J^:, a^;, 7)(t, 0). By computing 

Ttx = a^ei + bxe2 - {aa + b/3)T , T^t = otci + /3te2 + aeu + (3e2t, 

eitx = -CLxT + c^62 - a{aei + j3e2) - c/3T , ei^t = -atT - a{aei + 662), 
we obtain that 

0-/3 
0a 
f5 -a {) 

which is equivalent to 

{i{a + if3)t + {b — ia)x — c{a + i/3) = 0, 

so we obtain (a, b, c){t, x) = {—/3x,ax, 7)(i, x) with ^{t, x) = —htiM^l _|_ 
Define xi^, x) as 

Xit,x) = xito,xo) + {T ATxx)it',xo)dt' + T{t,s)ds. 

Jo Jxo 

Since T is a solution of 

Tt = -I3xei + axe2 = T AT^x, 
we conclude that x solves the binormal fiow ([T]). 

In conclusion, given a solution of the cubic 1-D NLS (|16p . we can construct an orthonor- 
mal frame (T, ei, 62) which leads to a solution of the binormal flow ([T]). Finally we compute 
the derivatives of the tangent vector and of the normal complex vector A*" = ei + 162 in 
terms of ^. This will be useful in the following sections: H 

(17) Tx = aei + /3e2 = 'ifhpN, 

(18) Nx = e\x + ^e2a; = -aT - ifiT = -ipT, 

(19) Tt = 0x62 - /3xei = Q^pxN, 



^we also have iTt + T^x = ipxN + KiiiVx = ip^N - \il)\^T, but we will not use it. 
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(20) Nt = p^T + 762 - ia^T - ^761 = -i^^T - i^N. 

Remark 2.1. In the case of the Frenet frame one defines c and r from ip by 

c{t,x) = \i){t,x)\ , T{t,x) = 

then the frame (T, n,b) by 

co\/r\ /r\ /o -CT 

-c T n , n = cr 

-r J \ b J \b V _c, 

One can see the link between these two constructions by considering (see [19] and also 
page 5 of [16\) 



ei(t, x)=cos / T{t,s)dsn{t,x) — sin / T{t,s)dsb{t,x) , ei(0, x) = n(0, x), 
Jo Jo 

e2(t,x) = sin / T{t^ s)dsn{t,x) + cos I T{t,s)dsb{t,x) , 62(0, x) = 6(0, x), 






a 








—a 








II 




-/3 





"J 




^ e2 I 



so 

' T 

ei 

, 62 

a{t,x) = c{t,x) COS / T{t,s)ds , /3(t, x) = c(t, x) sin / T{t,s)ds. 

Jo Jo 
Moreover, one gets that the complex normal vector N is written as 

N = ei+ie2 = n(cos +i sin) + 6(- sin +i cos) = (n + ib) (cos +i sin) = (n + ib)e^ -^o ^(*''') '^^ . 

3. ASYMPTOTICS IN SPACE FOR THE TANGENT VECTOR AND THE NORMAL VECTORS 

3.1. The limit in space for T(t,x) for a fixed given t. Recall that T{t,x) solves (fT7|l 
and that a(t, x) + i(3{t, x) = ipi^t, x) with 

■si 

4t / 1 X 

V'(i,2;) = —^{a + u) l^-,- 
In what follows we are going to make a repeated use of integration by parts trying to 



exploit the high oscillations of the function From pT|) we get 

Ix -vr^''^''\tu 



f 

J X 



2 

Tsit,s)ds = ?R: I ijN{t,s)ds = ?R: I ^-^{a + u) ( -,- ] N{t, s) ds 
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2t 



-IX 



2t 



i;{t,x)N{t,x) -^ij{t,s)N{t,s)ds 



e 4t 



-is\/t ^ '^^ \ t' t J 



N(t,s)ds-^ / i!(t,s)NJt,s)ds. 

. L -IS 



First we notice that in view of (jlSp the last integral is purely imaginary so the last term 
vanishes. Then, since u £ and |A^| = 2 it follows that 



(211 



Ts{t, s)ds — 9 



<Xi 2 9 /is 

e~'^^(us){-,-] N{t,s)ds 



t' t 



Vt 



This implies by Cauchy-Schwarz that there is a limit T°°{t) for T{t, x) as x goes to infinity 
and 



(22) 



|T(t,x)-r~(0|<C(ni)(^ + ^ 



X X 



3.2. T°°{t) is independent of time. Let < t < 1, 1 < x and recah Let < e. We 
have ^ ^ 

T{t,x)-T{l,x)= [ Tt'it',x)dt' = Q I ^{t',x)N{t',x)dt' 



1 — ? — 



t 2t'Vt' 



jj= (2(u,) - ix(a + u)) ( -, - ) Ar(t', x) dt'. 



1 x 



Again we will exploit the high oscillations of the function by integrating by parts 



r(t,x)-r(i,x) 



2^/F 



(2K)-ix(a + n)) ( -,-) iV(t',x) 



1 X 



'2\/F 



iX^ 



1 X 



(2(n,) - ix(a + ^z)) ( -, - ) N{t', x) | dt'. 



Using the fact that u and its derivative are bounded, we obtain the existence of a constant 
C{ui), depending only on ||ni||j(^7 and t such that 



|r(t,x)-T(i,x)| < 



Ciui,t) 



+ 



.2Vt' 



ix^ 



1 X 



df {2{u^)-ixu){-,-] N{t',x)dt' 



+ 



ix^ 



1 X 



(2K) - ix{a + «))(-,-) (-i^^T - i7iV)(t', x) dt' 



In the last integral we have used the expression ()20p of dt'^ ■ Let us notice that uj, n^;, n^j; 
and are in because we are assuming that u\ G H'^ and we shall include in C{ui,t) 



this dependence. Therefore the first integral is upper-bounded by 



C(ui,t) 



, except for the 
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term where the derivative in time falls on u and we loose the inverse powers of x. We left 
this term aside for the moment. Since 'y{t,x) = — MJi£ii -|- 

\^JNit',x)\<^, 

so the contribution of this term is of order ^li^ii^l. Concerning the —itpxT remaining part, 
recall that 



1 x 



so we get again a bound except for the term with no inverse power of x. But the 

integrant of this term is real, so the term is null. Summarizing, we have 



|r(t,x)-T(i,x)|<^^ + 



1 X 



The integral is of the same type as the first term in the initial expression of T(t, x) — T{l, x), 
and, as we have seen above, it can be upper-bounded by ^ifclil) , Therefore 

|r(t,x)-r(i,x)|<^^, 

X 

with C{ui,t) is depending on ||ui||j(^7, ||ni||j:^4 and t. By taking x large with respect to 
and to and by using also (j22p we obtain that 

\T{t,x)-T{i,x)\<e , |r(i,x)-r-(i)| <e , |r(t, x) - r-(t)| < e, 

so 

r°°(t) = r°^(i) = r°°. 

Therefore, in view of ()22p . the first part of (i) in Theorem 11.11 is proved. Moreover, (j2ip 
becomes 



(23) 



T{t, x) - T~ + $5 / ^ (us) {-,-] e-'^N{t, s)ds 



t' t 



<C(ni)^. 

X 



3.3. The limit in space for N{t, s) for a fixed t. We define 



iV(t,x) = A^(t,x)e** , ^>(i,x) = -y logt + a2logx. 



Integrating by parts again we get 

Ns{t,s)ds 



ix 



la 

-TPT+—N ] e 



1$ 



°° 2t 
is 



^2 V^^e^* ds 



+ / e*4t ^ (u. 



IS 



1 s 



oo 



,£2Vt 



IS 



1 s 
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^ijTe'^ds+ I —Ne 



In view of the ^^^^ bound on -0, the first two terms and the fifth one are upper-bounded by 
^2^2^:^2/1 _ Formula (|17p insures us that Tg = ^il)N, and by using Cauchy-Schwarz inequafity 
we can upper-bound by '-^("ll^ the part involving u in the fourth term. We get 



Ns{t,s)ds 



IS 



1 



t' t 



e n a K 

IS 



ae 4t 



N \ e'^ds+ I —Ne 



We obtain then the cancelation of the non-oscillatory terms involving N, 



Ns{t,s)ds 



IS 



Vt 



1 s 



e'^ — Ne''^ ds 
is 



By performing a last integration by parts we have 



.t2 2f 



2 ^ ^ 1 ^ 



From (fT8|) we have Ng = —tpT, so we get an upper bound of \Ns\ of the type Hence 
we finally obtain 
(24) 



Nsit,s)ds 



" e'i (us) (-,-] T{t, s) e'^ ds 



IS 



Vt 



t t 



Vt t Vt 
— + — + 



By Cauchy-Schwarz inequality we deduce that N{t,x) has a limit N°°{t) as x goes to 
infinity and 



(25) 



N{t,x)-N^{t) <C{ui){^ + — + X+^^ 



X X x" 



3.4. N°°{t) is independent of time. Let < t < I, I < x. Let < e. We have in view 

of (EDD 



Nt'{t\x)dt' 



' - ^ AT ] e^* dt' 
* 2t' 



iij^.T-i^N-'-^N\e'^dt' 



(-.)^ (2(n.) + (a + u)) ^"j T - i7iV - 1^ iV I e^* dt'. 
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As in ^3.21 in the term involving T we perform integrations by parts in time relying on the 



oscillatiions of e* to obtain 



\N{t\x)-N{l,x)\<^^^ + 



la 
2F 



N 1 e** dt' 



+ 



2i 



e 4t' 



1 X 



ft' 



T - ^ (2(n,.) + ix{a + u))(^,^]Tt,] e^'^ dt' 



In the integral involving T we perform again an integration by parts in time, and we use 
expression (jl9p : Tf = Q^jJxN. A upper-bound follows also for this part. From the 



last term we keep only the one without an inverse power of x, corresponding to the part 
of ipx where the derivative falls on the phasis. We have then 



N{t',x) - N{l,x) 



C{ui,t) 



e^f^ . (a + n) ( i, ^ ) 9 I ^ {-^{a + n)) ( ) N \ e^Ut 



f t' 



1 X 



f'f 



We recall that 7 = — — h ^ only involves powers of n so 



N{t',x) - N{l,x) 



2f 



1 X 
f'f 



df 
7 



+ 







x\ 


u 








^) 










.) 














Ne 




2F 



df_ 

T 



We perform a last integration by parts of the oscillating function e* 4t in the A^— term and 
use formula ()20p : Nt = —itp^T — ijN. This way we obtain that this term has also the 
desired decay ^illili^l. in conclusion 



N{t',x) - N{l,x) 







x\ 


t 













d£_ 



Like in Lemma B.l of [3] we can show that if xu(\) and xdxU are in I? then this 
regularities are preserved, and the 1? norms of xu{f) and xdxu{t) are controlled by some 
polynomial growth in time. In particular we can estimate 



u 



1 X 

f'f 



df 1 X 

T-xJt f 



1 X 

f'f 



C 

X 



1 1 
'|x9a;tii|'^ 



dt' < — llXlti ||^2 ll-^i^a; "1 ||j;^2 • 



Therefore 



Nit',x)- N{l,x) 



< 



C{ui,t) 



X 
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and as in §2.2 we conclude that iV°°(t) = iV°°(l) = iV°°. In particular, ([25]) writes 
(26) 



N{t,x)-N^ < C(^xi) ( 4= + ^ + 



X X 



and (iMjl becomes 
(27) 

N{t,x)- N°° -i 
Finally, recall that 



1 £ 



r(t, s) e** 



iV(t,x) = iV(t,x)e**(*'^) = N{t,x)e 
and we obtain from (j26p the second part of (i) in Theorem ll.il 

4. The limit of T{t,x) as t goes to 
Let x>0. Combining (I23|) and ([27]) 

(28) T(t, x) - + 9iV°^ / h{t,s)ds + ^ h{t,s) h{t, s')T{t, s')ds' ds 

J X J X J s 



where 



_ -s^ 2 
/i(t, s) = e~* 4t — -= [ug 



1 s 



In the next subsection we prove two estimates that will allow us to handle the integrals in 

(EHD. 



4.1. Two integral estimates. 

Lemma 4.1. There exists C > such that for all t small with respect to ui and x, we 
have 

poo 

\h{t,s)\ds < C{ui). 

Proof. On the one hand, by Cauchy-Schwarz inequality, if a; > 1, 

roc 2 



1 s 



Vt 



ds < C{ui). 



On the other hand, if x < 1, we shall introduce the J operator (see Appendix [6]) 



1 2 



iVt 



< 



£ S 



1 S 
t ' t 



ds 



T 2^/t 



X S 



[Us) [ -,S 



ds 



(Ju) ( -,s 



+ 



su \ -,s 



ds, 
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SO by Cauchy-Schwarz inequality, 



ds < C- 

X 



Jul - 



+ cVt 



L2 



1 - X 



U I - 



L2 



X 



+ C||ni||i2. 



In Proposition 16.31 we prove that 



L2 



Ju I - 



< 



L2 



3 ) 



SO the Lemma follows. □ 

Remark 4.2. Combining ()23p wit/i Lemma \4-l\ we obtain that for all x > and t small 
with respect to ui and x, 

\T{t,x)-T^\<C{ui), 
and the first part of (ii) in Theorem \1.1\ follows. 
From ([22|) applied to t = 1 and x > 1 we obtain 

|r(i,x)-r°°| <c(ni), 

From the results in [3] we have \T(l,x) — Ta{l,x)\ < C{ui). We can use this estimate in 
our context of less decay in time for the convergence to the asymptotic state because we are 
considering only the value t = 1. Therefore the angle between and T~°° is C{ui) -close 
to the self similar one, and we obtain the (ii) part of Theorem \l.l[ 

In [5j we have obtained \x{t,x) — x(0, x)| < C{ui)\/t. As a consequence , for x,x > 
and t small with respect to ui and to x and x, we get 

|X(0, x) - x{0, x)-T^{x-x)\< C{ui)Vi + \xit, x) - x) - r~(x - i)| 



< C{ui)^ft + 



T{t,s) 



r°° ds 



< C{ui)Vi + C(ui)(a; - x) < C{ui){x - x), 



so the part (Hi) of Theorem \l.l\ also follows. 



Lemma 4.3. For all g G L°° with gg & D L? , Q < x < x, 



h{t,s)g{s)ds -i I f+['-]g{s)-^ 



<C{g,ui) 



+ t^ 



Proof. We obtain by the scattering result 
1 . /I £ 



sVt 



^g-i^iosVil / e'^^e-'"^ dyf+{y)dy]e-''^e~''^g{s)ds 



with 



< C(ui)t4 . 



16 



V. BANICA AND L. VEGA 



We shall first show that this remainder term can be upper-bounded as in the statement of 
the Lemma. For x > 1 by Cauchy-Schwarz, 



e *4te ^^g{s)ds 



<Cig,ui)t-4 . 



Then for x > 1 we need to treate only the case 5 = 1, and we shall do this by integrating 
by parts 



1 



1 s 



t' t 



irs)[i,'-]e-'^e-'''gis)ds 



t' t 



-, 1 



— r { -, - ) e *4te g{s 



e * 4t e 



By a simple integration and Cauchy-Schwarz we obtain 



1 



(rs) 



1 s 

t't 



e '°4te '^^g{s)ds 



< C 



X 



+C 

In conclusion 



1 

r I - 



L2 X 



h{t, s)g{s) ds 



1 

r I - 




hsh^ < C{g,ui)ti +C{g,ui) — . 

L2 ^ 



e^'-^e-^fdMy)dy^ds 



<C{g,u,)t"^' +C{g,u,)^. 



Since 



I e^4^e-^f dyUiy) dy = /+ (|) + J {e'"^ - l) e'^f dyU{y) dy, 



2 V2. 

it follows that in order to obtain the Lemma it is enough to estimate 

e'^^-l) e-''^dyU{y)dy^ds 



1 ) dyU{y) ) ( - 



■ ds 



J (^e^4^ - 1^ f ' J,"^fi'^ dsdy = I{x,x). 
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In the last equality we have used Parseval identity. We shall need some estimates for y / 0. 
One has 



-lys 



-2e-^^ ( {l + ia')g{s) , g,{s) 



+ 



A+ia? 



ds. 



SO 



(29) 



e ' 2 g(s) 



ds 



< C 



II^IIl- , ^llft 



+ c 



IL2 



<C(5) 



1 fl 



\y\ \x 



+ 1 



Also for all a > and |y| > 1, 



(30) 



ds 



<C{g,a)- 



x\»\y\ 



Indeed, by integrating by parts 



Jx 



e * 2 g{s) 



ds 



< C 



\y\ 



I d II ~r 



\y\ 



\y\ 



<C{g,a) 



\x\"\y[ 



It is enough to treat /(x, 1) and /(l,x) for all < x < 1 < x. From ()29p and by 
Cauchy-Schwarz inequality we get 



1^(1,^)1 <C^(5) 



<C(5) 



e'^ - 1 



|aj+(y)|dy + 



- 1 



dyf+iy) 



dy 



t\ydyU{y)\dy 



■V~t 



dyf+{y) 



dy < C{g,ui))n. 



For treating /(x, 1) we need to introduce a cutoff function r]{t\y\) such that r]{r) = 1 for 
\r\ < 1 and ?7(r) = for |r| > 2. On one hand by (|29|) and by Cauchy-Schwarz inequality 



e 4 _l)5,/+(y)(l-ry(t|y|)) 
C(5) 



1 „-i 



e ' 2 g(g) 

-,l+ja2 



< 



I I \dyf+{y)\dy < C{g,ui) — . 
i<\y\ x\y\ X 



On the remaining part of /(x, 1) we shall perform an integration by parts 



1 dyU{y)7^{t\y\) 



ds dy 



^e^4^/+(y)r?(t|y|) 



^^-^ ds dy 



,l+m2 



e 4 



1 U{y)Vy{t\y\) 



1 „-« 



e ' 2 g(s) 

jl+ia2 



ds dy 
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+ I (e^4'-l)/+(y)r?(t|y|) j'^^ll^ ds dy = h + h + h- 
For Ii and I2 we use ([291) and Cauchy-Schwarz inequality 

|/i+/2|< / ^\U{y)\dy+( ^\U{y)\dy<C{g,u,)^. 

J\y\<l X J'-<\y\<l ^ 

For 0<a</3<lwe split integral /a into two regions, \y\ < and < \y\ < |. 
On the first region we upper-bound the integral in s simply by C||5||loo and on the other 
region we use (f30l) with a > 



\h\<C{g)[ yH\U{y)\dy + C ! |/+(y)| 



C{g,a) 



dy. 



By Cauchy-Schwarz inequality 



\x\" \ \ X 



We take P = aiid a = ^ so 



I/3I <C{g,ui)[t-i + 

X 



and the proof of the Lemma is complete. 



4.2. The existence and properties of T(0,x). 



□ 



Lemma 4.4. There exists C > such that for all n G N* and x 7^ there exists 
ai{x), ...,a2n{x) and Rn{t,x) with 



,{x)\<{C{ui)y-' , \R^{t,x)\<C{ni)(^^ + ^ + t-^'y 



a, 



and 

2n 

(31) T{t,x) = Y,aj{x) + Rn{t, 

+ (-!)" / h{t,Si) I h{t,S2)...R I h{t,S2n-l) 



poo poo poo poo 

/ h{t,Si) / h{t,S2)..M / h{t,S2n-l) / h{t,S2n)T{t,S2n)dS2n---dSi. 

Jx J Si JS2n-2 J S2n-1 

Proof. We prove the Lemma by recursion on n. The constant C will be the one from 
Lemma |4.1[ Combining (j28p with Lemma 14.31 for g{s) = 1 we obtain the result for n = 1 
with 

ai(x) = r- , a2(x) = -3f?iV- / A ' ' 

./X 
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We suppose the result true for n and we shall prove it for n + 1. By replacing in ()3ip the 
tangent T in the integral by its expression from (j28p . 

2n 

T{t,x) = ^aj(x) + Rn{t,x) 



+ / /l(t,Si) / /i(t,S2)...X 

X3f? / h{t,S2n-l) h{t, S2„) I r°° + 97V°° / /l(t,S2„+l)dS2n+l) rfS2n-dsi 

/ / hit,S2)...X 

J X J Si 

X5ft / /l(t,S2n+l) / h{t,S2n+2)T{t,S2n+2)dS2n+2---dsi. 

Since 

is an function, and since Lemma [4 . 1 1 yields h G L^, we can apply Lemma [4.31 in the first 
iterated integral as many times as needed to replace everywhere h by ih. We gather the 
difference terms with Rn{t,x) and obtain x). This way we get the result for n + 1 

with a2n+i{x) given by 



(-IfK / h{si) h{s2)..M h{s2n~i) h{s2n)T^ dS2n..-dsi 

Jx J Sl J S2n-2 J S2n-\ 

and with a2ri+2{x) given by 

/•OO /"OO 

/ /l(si) / /l(52)...X 

J X J SI 

OO 



xSft / /l(s2n-l) / /l(s2n)3f?iV°° / /l(s2n+l) dS2n+l • ■ -dsi • 

-2 J S2n-1 



Let us notice that for C(ui) small enough 



□ 



\aj{x)\ < OO. 

We shall prove that there is a limit for T(t, x) as t goes to zero. From Lemma [4. H it follows 
that 



/ h{t,Sl) / h{t,S2)-.-^ / h{t,S2n~l) / h{t, S2n)T{t, S2n) dS2n---ds 



< {C{ui)? 
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and from Lemma 14.31 we get 

oo oo 
j=2n j='2n- 

For IIuiIIhi small enough, C||ni||j:^i < 1, so we can choose n G N large enough such that 



^{c\\ui\\Hiy <c{u,) 

j=2n 

By Lemma 14.41 we conclude 



Vi t 



X 



and in particular T{t, x) has a limit at t = 0, 



with 
(32) 



T{0,x) = ^aj{x), 



\T{t, x) - T(0, x)\ < C{ui) ( ^ + ^ + 



We notice that in view of the expression of aj(x) and of the fact that ||/||ii < C||ni||j|^i < 1, 
we obtain r(0) G and Ts{0) S L^. Finally, from ([22]) and ([32]) we conclude that T{0,x) 
has a limit as x goes to infinity, and 

lim r(0,x) = T°°. 

Now we focus on N{t, x) as t goes to zero. Estimates ([23|) and (|27|) allows us to write 
for an estimate similar to ()28p . 



(33) 



N{t,x) - N°° +iT'^ h{t,s)ds + i h{t,s)Q h{t, s')N{t, s')ds' ds 

J X J X J s 

\ x X^ J 

Arguing as above for T we obtain a limit for N{t, x) for x > as t goes to zero, with 
(34) \N{t, x) - iV(0, x)| < C{ui) + L + 

\ X 

Also, (j25p combined with (j34p implies that A^(0, x) has a limit as x goes to infinity, and 

lim iV(0,x) = N°°. 
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5. The selfsimilar structure 

We denote 

for a sequence t„ of times that tend to zero. We compute 



Kis) = -Vt^^Pitn, Vt^s) Tnis) = -ae^xT„(s) + o(t„)r„(s). 
Let us recall that T and are bounded by 1 and by 2 respectively. In follows that 
A = {Tn,n G N} is a collection of pointwise bounded and equicontinuous functions. Then 
Arzela-Ascoli theorem allows us to obtain a subsequence, that for simplicity we shall denote 
again T^, that converges uniformly on any compact subset of M. We can do the same for 
B = {Nn, n G N} and conclude that 

lim {Tn{s),Nn{s)) = (r,(s),iV,(s)). 

n— >oo 

The system satisfied by (T=k(s), A'*(s)) is then 

K{s) = ae'^^nis), 
with initial data (T*(0), A'^*(0)), which means that 



is the Frenet frame of the curve with curvature and torsion (a, |), exactly the one of the 
self-similar profile, see [18]. Hence on the one hand, modulo a rotation, 



On the other hand, using ([32]) 



T,{s) = lim Tn{s) = lim {T{tn,Vt^s)-T{0,Vt;;s)+T{0,Vt^s)) = O ( - ) + lim T{<d,^r 

n— >oo 71— >oo \S J n— >oo 

so we obtain the existence and the value of T(0, 0+), 

r(o,o+) = yi+. 

In the same maner we get modulo the same rotation that T(0, 0^) = A~, so we recover at 
time zero the angle of the self-similar solution. 

Similarly we obtain the existence and the values of A^(0, 0"*"), A^(0,0~) 

iV(0,0+) = i?+, , iv(o,o-) = B-, 

where comes from the selfsimilar situation and were explicitely described in [18] in 
terms of the parameter o (see formula (55), (47), (48) and (69)). 
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6. Appendix: the J-evolution 
At the linear level, if w{t) = S{t,to)w{tQ) is the solution ofl 

a2 _ 

(35) iwt + Wxx + ^{w + w) = 0, 

with initial data w(to) at time to, then v{t) = J{t)'w{t) = (x + 2itdx)w{t) satisfies 

^2 ^2 

with initial data f (to) = -^(^0)^(^0) at time to- 

We recall that for the free Schrodinger equation, the norm || J(t)e**^^/||i2 is constant in 
time, since J{t) comutes with e**'^^. In here, we do not hope such property for ([35]) . but 
nevertheless we shall get a control in time better than t. 

First we shall prove a growth control in time of the Fourier modes of solutions of (I35p , 
that improve the one in Lemma 2.1 of [5]. More precisely, the parameter o will not be 
intervent anymore in the polynomial control in time of the growth of the Fourier modes. 

6.1. Improvement of the grow^th of the Fourier modes for the linear equation. 
Lemma 6.1. Let 1 < to < t. For all 6 > there exists a constant C{a,6) such that 

t^ 

\w{t,0\ < Cia,6) {\w{to,0\ + Mto, -01) Ve G M. 
^0 

Proof. We have 

(36) dt^{t,o = e^{t,c), 

(37) dt ^w{t, = ^w{t, + Y ^w{t, 0, 
so 

(38) 52 ^bv{t,o = f (-f + ^)^{t,o- 



t 



We infer 



R^{t, = ^{to, + {t- to) e 9^5(to, e) + ^) (-^' + 7) ^(^' dr. 



In [5] we have actually denoted by u{t) = S{t, tQ)w{to) the solution of 

with initial data w{to) at time to, so u{t) = e"'" Therefore getting estimates on \u{t)\ and 

\J{t)u{t)\ is equivalent to getting estimates on \w{t)\ and |J(t)ui(f)| respectively. 
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Let 6 > 0, and let < e < min{l,a^} to be chosen also small enough with respect to 6. 
Then for .^^ < |, if this situation is possible, 

t-^\^{t,C)\ <t-^ (\^{tQ,C)\ + \^{to,C)\) +t-^Cah [ —dT sup T-^\mu{T,^)\. 

^ ^ Jto ^ to<T<t 

ri 2 

<t0'(|5?^(i0,e)l + |9^(t0,e)l) +^ sup T~'^(T,i)\ 

^ / to<T<t 

Then, by choosing e small with respect to 5, we obtain 

\^hv{t,0\ < C{a,6) ^ {\w{to,0\ + \w{to, -01). 



Using similar arguments for the imaginary part we get for < |, 

\^{t, 0\ < t-' \^{to,0\ + t-'C f ^ C(a, 5) ^ (|u;(to, 01 + l*(io, "61) dr. 



SO 

|tl;(t,0l < C(a,5) ^ (|u;(to,e)l + 1^^(^0,-01), 



and the Lemma follows for ^ < j. This part improves Lemma 2.1 in [51, where the control 
was of C. 

The proof of Lemma 2.2 in [5J contains the result that in the remaining regions t 
^ and ^ < the evolution of the ^—Fourier modes stays bounded. For instance, when 
I < < ^ we did an energy estimate by considering 

By integrating from any < ti < ^ to any <t < we obtain 

|u;(t,OP + Mt, -OP < C(a) (|u;(ti,OP + "OP) , 

so the Lemma follows for < For larger times t > we obtained in [5j that the 

evolution of the Fourier modes is bounded by diagonalizing the system of equations of 
and '^w. Therefore the Lemma follows for all ^. □ 

Finally, recall that Lemma 2.2 in ^ asserts that 

\w{t,0\ < (^C{a) + C{a,5)j^^ {\w{to,C)\ + 1^^(^0,-01), ^ 0. 
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6.2. J-evolution for the linear equation. Now we turn to the J{t)u{t) evolution. By 
using the Duhamel formula for S{t,to) given by equation ([35]) . 

(39) 



v{t) = S{t, to)v{to) + / S{t, T){-2ia' w^{t)) cIt, 
Jto 

a similar estimate is obtained also on v, 
(40) 



\vit,0\<Cia,6)-^{\v{to,C)\ + \vito,-m+ / C{a,6)-\^\-^i\wito,0\ + \wito,-0\)dT 

< C(a, 5) ^ {\Hto,a + \v{to, -01) + C{a, 6) t \^\ {\w{to, 0\ + \w{to, "01), 
and we finally obtain 



(41) 



v{t,0\\L^^e<^) ^ '^("''^) 75 Mto)\\L^+C{a,6) \\w{tQ)\\L2 



On the other hand, we get the following version of Lemma 2.2 in [5j. 



Lemma 6.2. For a// ^ 7^ and 1 < to <t the following estimate holds 
(42) 

+ {Cia) + Cia,6)- 



\v{t,0\ < ( C{a) + ) {\v{to,0\ + \v{to,-0\) 



1 + I los 



\w{to,C)\ + \w{to,-0\ 



Proof. For < j the Lemma follows from (140 p . For > ^ we shall diagonalize the 
system 



(43) 



dt 3?i;(t,C) = ^^^v{t,0 - 2ia'^(^w{t,^), 

c>. 



(44) St 9?;(t, e) = -r ^^^(t, + Y ^v{t, e) + 2m'C 0- 

With similar notations as in [5], we denote for t > 2a} 

Y{t,i) = ^{^^,dj , z(t,o = ^(^,e 



so we have the system 
(45) 



d,A{t,C) = Bit,0-^Yit,0, 



[ dtBit,0 = [-l + ^)A{t,0 + ^Zit,0. 



We shall diagonalize the system 

dt( i] = ( (. . 1 ( 1 + 



B J \-[^-t) ^ J\B J ' e \ Z 
Let 



In particular, 



1 



V2 

Then the new functions 



^<a(t)<l , P-Ht)={ I 

V 2 2a(t) 



satisfy 

Z 



We introduce 

^{t) = t-—logt-J^ ais)-l + — ds, 

that verifies 

= a(t). 

Finally, the functions 

A2{t,0 \ _ f e-'^i'^ AMi(t,e) 



are solutions of 
where 

e-^*W ^ \ / -1 e-2**(*) 



By the relation (31) in [5j, for t > 12a^, 
where 



1 "2 

2 
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For 2a^ <t<t we integrate by parts again. We do it just for the first component of R{t^^) 
because the other one is similar. We obtain 



-i<I>(T) 



Z{9,^)dedT 



■oo .^2 



-j<I>(r) 



1 /-^ ia2 e^*(^) 



ia(r) 7^ 2a^{e)e^ 



t 1 - 2 pi'I'Cr) 



ia(r) 2a3(r) 

From Lemma 2.2 in [5j it follows that we are in the region where Z(t, ^) is bounded by 
C{a){\w{to,0\ + \w{to,-0\)- Moreover, ^ < a(t) < 1, 



so 



oo .^2 
V 2a3(0)02 



< 



C(a) 



(|u;(to,OI + l^^(*o,-OI)- 



Again since < a(t) < 1, all the entries of M{t) are upper-bounded by In conclusion, 
integrating expression (|46p , we have for 2a^ <i<t 

|A2(t,C)l + |i?2(t,OI < l^2(t,e)l + |52(t,e)l+^*^(l^2(r,6l + |i?2(r,e)|)^^r 
+^ (|n+(e)| + + ^ {\w{to.i)\ + l^(to, -01) ■ 

So we get 

\A2{tM+\B2{t,i)\ < 2 {\A2{i,0\ + \B2ii,0\)+^\n+m+^ iMto,C)\ + 1^*0,-01) • 
Finally, from the relation 



|^2P + |52| 





2 






+ 




2 2a 


2 2a 



and from < a(t) < 1 it follows that for 2a^ <i<t, 

\A{t,o\'MB{t,0\'<c{\A{i,o\'MB{i,o\')+^\u+{0\'+^{m^^ 

By recovering the first variables and using Lemma 2.10 in [5] on the asymptotic state u+(0, 
we obtain the Lemma. □ 
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The pointwise estimate ()42p implies 



(47) 



f 



v{t,0\\L^a<e) ^ C{a,6)-^\\v{to)\\L2 + C{a,6) —^\\w{to)\\L2 



''0 ''O 



In conclusion, gathering ()4ip and ()47p . we obtain a control for the norm of the 
J— evolution of the linear solutions, 



(48) 



\\J{t)S{t,t^)f\\L2<C{a,6)-.\\J{to)f\\v2 + C{a,5) 



L2- 



6.3. J-evolution for the nonlinear equation. We want to show by a bootstrap argu- 
ment that the solution of the nonlinear equation 

a + u 

-{\a + u\ 



lUt + Uxx + 



2t 



'2 a^) 







enjoys a good control in time of || J(t)u(t)||j;^2. First, let us mention that this quantity is 
finite in time. Indeed, u{t) G and it was proved in Lemma B.l in [5j that xu{t) £ 
with a high polynomial growth in time. 

Proposition 6.3. If xui £ and if ui is small enough in , then for allt>l we have 

\\J{t)u{t)h2<C{ui)tl, 
Proof. The solution of the nonlinear equation writes as 

(49) 



* iF (t) 

u{t,x) = S{t,l)ui+ I 5(t,r)— ^(ir. 



with F{u) given by 
(50) 

We have from (148)1 



F(u) 



|upn + a(n2 + 21^^) 
2i ' 



t-i\\Jit)Sit,l)ui\\L2<Ciui) 
provided that we choose 5 < ^. Then the worst Duhamel term is the quadratic one. We 
use again (jl8|) with 5 < |, 



3 



* tir 
J{t) I S{t,T)u\T)- 



<C{a,5)t-. / \\J(rWiT)\\L2+logt 



L2 



Here J{t) acts on a non-gauge invariant power, so we have to split this term into weight 
and derivative part, and loose a t— power. By using Cauchy-Schwarz inequality 



3 

i"4 



2, .dr 



J{t) / S{t,T)u'{T) 



L2 



3 r I 
< Cia,6)r-^t^ / \\xu\t)\\l2 - 

Jl T 



dT_ 

T+E 
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dr 



+C{a,6)t it^ I \\u^{T)u{T)\\L2^ + C{a,6)t 4 log 1 ' ||u||^^^2 ||u||loo2,: 



<C{a,6) sup ||r ^ J(r)n(r)||i2 ||'u||ioo/^'i + C(a, 5)11^^11^8^4 11^11^8^4 

l<T<t 



+C(a,5)t~4 logtr 



2 u 



In [5] it was shown that for smah initial data ui G Xj, the solution u satisfies 

u G L°°(l, oo)l2 n L^(l, oo)L°°, 

and implicitly u belongs to all interpolated Strichartz spaces. So provided that ui and 
dxUi are small enough in Xj 

/■* fir 
J{t) S{t,r)u\T)- 



3 



L2 



1 3 

<— sup ||t 4 J(r)'u(r) 11^2 +C('Ui). 
oa i<T<t 



The other quadratic term can be treated the same, and we obtain 
"* an2(r) 



3 



J{t) Sit,T) 



2r 



dT 



3 

+ t-i 



L2 
3 



J{t) I S{t,T) — ' ^ ^ ' dr 



T 



L2 



<- sup ||t 4 J(r)ii(T) 11^2 + C(ui). 

-J l<T<t 



The cubic term is gauge invariant, so by (I48p with (5 < | we obtain 

/* d-r 
5(t,r)|n|2n(r)^ 



3 

t~4 



< C(a,(5) r 



Again providing that ui and SajUi are small enough in Xj, 







r 






1 + 

2 


r 


5 










r 


L2 



|n(r)||z.2|Kr)||i. 1^. 



<C{a,5) sup ||r 4 J(r)n(r) 11^2 ||u||^ocj:^'i + C(a, (5) t I \ogtt^^2 \\u\\\^fjr 

l<T<t 

< sup \\t'^J{t)u{t)\\l2+C{ui). 

D l<T<t 

In conclusion, for all t > 1 we have 



a 2 3 

sup \\t'^J{t)u{t)\\l2<- sup ||t"4 J(r)M(r)||i2 + C(ni), 

l<T<t -J l<T<t 



and the Lemma follows. 



□ 
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